Abstract. Using elementary methods we prove the existence of infinitely many oriented knot types which are not Legendrian simple by showing that every irreversible knot type contains pairs of oriented isotopic, not Legendrian isotopic Legendrian knots with the same Thurston-Bennequin invariant and rotation number. This result answers in the negative a question raised by Fuchs and Tabachnikov. We also prove a similar result for transverse knots.
Legendrian knots
Consider the 3-sphere S 3 as the boundary of the unit disk D 4 in C 2 . The 2-dimensional distribution ξ 0 ⊂ T S 3 given by the complex tangent lines is well-known to be a contact structure on S 3 called the standard contact structure. A knot K ⊂ S 3 is Legendrian if it is everywhere tangent to ξ 0 . Two knots K 0 and K 1 in S 3 are isotopic if there is a family of homeomorphisms f t : S 3 → S 3 , t ∈ [0, 1], such that f 0 = id S 3 and f 1 (K 0 ) = K 1 . Two Legendrian knots K 0 , K 1 are Legendrian isotopic if there is an isotopy from K 0 to K 1 such that f t (K 0 ) is a Legendrian knot for every t ∈ [0, 1]. The 2-plane field ξ 0 determines a framing of any Legendrian knot K , which can be identified with its Thurston-Bennequin number tb(K) ∈ Z, an invariant of the Legendrian isotopy class of K . Once an orientation for K is chosen, the winding number of the tangent vector to K with respect to a trivialization of ξ 0 is defined. This number, which is independent of the choice of trivialization, is called the rotation number of K , it is denoted by rot(K) and is invariant under oriented Legendrian isotopy. Every knot type (i.e. equivalence class of knots under isotopy) contains Legendrian knots. An oriented knot type is an equivalence class of oriented knots under isotopy. Definition 1.1. An oriented knot type K is Legendrian simple if two oriented Legendrian knots belonging to K with equal Thurston-Bennequin and rotation numbers are Legendrian isotopic.
The following is a well-known outstanding problem in contact geometry.
The Legendrian isotopy problem: Classify Legendrian simple oriented knot types. Eliashberg and Fraser proved that the knot type of the unknot is Legendrian simple [4] for any choice of orientation. Recently, Etnyre and Honda extended this result by showing that the knot types of torus knots and of the figure eight knot are Legendrian simple [6] . It follows from work of Chekanov [3] and Eliashberg, Givental and Hofer [5] that there exist oriented knot types which are not Legendrian simple. Corollary 1.3 below yields infinitely many oriented knot types which are not Legendrian simple. As far as we understand, our method is the simplest way to prove the existence of such knot types.
It is well known that there is an embedding R 3 ∼ = S 3 \ {p} ⊂ S 3 such that the standard contact structure ξ 0 on S 3 restricts to the kernel of the 1-form dz + xdy . Observe that the map m : R 3 → R 3 given by (x, y, z) → (x, −y, −z) preserves ξ 0 while reversing its natural coorientation. Since m is isotopic to the identity, for every Legendrian knot K ⊂ R 3 , the image m(K) is a Legendrian knot smoothly isotopic to K . Moreover, it is not difficult to check that tb(m(K)) = K and rot(m(K)) = − rot(K).
Fuchs and Tabachnikov [7] asked whether every Legendrian knot K in the standard contact R 3 with vanishing rotation number is Legendrian isotopic to m(K). Theorem 1.2 below answers this question in the negative. The same question was recently answered by Ng, who used Chekanov's differential graded algebra invariant to exhibit a Legendrian knot which is not Legendrian isotopic to its mirror image [8] . Although we cannot recover Ng's result, our approach is based on an extremely elementary idea and it has the advantage of producing infinitely many such examples.
A knot type K is irreversible if for every oriented knot K ∈ K there is no diffeomorphism (S 3 , K) → (S 3 , K) of pairs which maps K to −K , i.e. the same knot with the opposite orientation. The first example of an irreversible knot was found by Trotter [9] in 1964, and many more have been found since. For example, infinitely many Montesinos knots are irreversible [2] . The simplest irreversible knot appearing in the standard knot tables is 8 17 . Theorem 1.2. Let K ⊂ R 3 ⊂ S 3 be an oriented Legendrian knot belonging to an irreversible knot type. Then, K is not Legendrian isotopic to m(K).
Proof. Arguing by contradiction, let f be the time-1 map of a Legendrian isotopy sending K onto m(K). Since K belongs to an irreversible knot type, the diffeomorphism m −1 • f : (S 3 , K) → (S 3 , K) must preserve the given orientation of K . Therefore f and m must send the given orientation on K onto the same orientation of m(K), so we shall assume from now on that m(K) is given such orientation. Any negative push-off K − (see [1] , § 19) is a positively transverse knot which, when endowed with the natural orientation induced by the coorientation of ξ 0 , belongs to the same oriented knot type as K . Since f is a contactomorphism which preserves the coorientation of ξ 0 , the oriented knot f (K − ) belongs to the same oriented knot type as any negative push-off f (K) − = m(K) − . On the other hand, since m is a contactomorphism which reverses the coorientation of ξ 0 , any negative push-off m(K) − belongs to the same oriented knot type as m(K + ), where K + is any positive push-off of K . Thus, m −1 • f (K − ) and K + are isotopic as oriented knots. But K − and K + belong to distinct oriented knot types because the knot type of K is irreversible. This gives the desired contradiction to the existence of a Legendrian isotopy between K and m(K). Proof. It is easy to check that every oriented knot type K contains an oriented Legendrian knot K with rot(K) = 0. Since K is Legendrian simple, m(K) is Legendrian isotopic to K . Therefore, in view of Theorem 1.2, K must coincide with its reverse.
Transverse knots
A knot K ⊂ S 3 is transverse if all the tangent lines to K are transverse to ξ 0 . The notion of transverse isotopy between two transverse knots is defined in the same way as the notion of Legendrian isotopy. To a given transverse knot K ⊂ S 3 one can associate an integer λ(K) -the self-linking number of K -as follows: the 2-plane field ξ 0 , viewed as a rank-1 complex vector bundle over S 3 , is trivial because H 2 (S 3 ; Z) = 0. A trivialization of ξ 0 restricted to K gives a push-off of K whose linking number with K is by definition the self-linking number. It is fairly easy to see that the self-linking number is independent of the choice of trivialization and is invariant under transverse isotopy. Notice that the planes of the 2-plane field ξ 0 are canonically oriented as complex lines. Since S 3 is oriented as the boundary of the unit disk in C 2 , the line field orthogonal to ξ 0 in T S 3 is canonically oriented as well. This implies that every transverse knot in (S 3 , ξ 0 ) has a canonical orientation.
Let c : S 3 → S 3 denote the restriction of the complex conjugation map on C 2 and let K ⊂ S 3 be a transverse knot. Then, it is easy to see that, since c maps complex lines to complex lines, c(K) is a transverse knot and λ(c(K)) = λ(K). Moreover, since there is a smooth boundary-preserving isotopy c t between c and id D 4 , it follows that K and c(K) belong to the same knot type. A result similar to Theorem 1.2 holds for transverse knots:
Theorem 2.1. Let K ⊂ S 3 be a transverse knot belonging to an irreversible knot type. Then, c(K) is not transversely isotopic to K .
Proof. Both K and c(K) are endowed with a canonical orientation, and the isotopy c carries one onto the opposite of the other. This is the immediate consequence of the fact that complex conjugation reverses the natural orientations on the complex tangent lines. By contradiction, suppose that K and c(K) are transverse isotopic. Then the time-1 map ϕ of a transverse isotopy identifies K and c(K) while preserving their canonical orientations. Thus, the composition ϕ −1 • c : (S 3 , K) → (S 3 , K) reverses the orientation of K , giving a contradiction.
